Abstract
Introduction
We study isomorphisms in typed lambda calculi with empty and sum types from the viewpoint of programming language theory, category theory, and logic.
Type isomorphism and programming languages. Two data types are isomorphic if it is possible to convert data between them without loss of information. The equivalence relation on types induced by the notion of isomorphism allows to abstract from inessential details in the representa- tion of data in programming languages, and it has found applications to various aspects of code reuse that become more and more relevant in the heterogeneous environment of what is emerging as global computing. In Functional Programming, type isomorphisms provide a means to search functions by type (see [25, 26, 24, 27, 12, 11, 13] ) and to match modules by specifications [1] . In proof assistants they are used to find proofs in libraries up to irrelevant syntactical details [10, 3] .
A characterisation of type isomorphisms has been obtained for monomorphic type systems with various combinations of the unit, product, and arrow type constructors [29, 5, 4] , as well as for ML-style [11] and second-order polymorphism [14] , and for linear lambda calculus [30] and multiplicative linear logic [2] .
Type isomorphism and category theory. Type isomorphism in foundational theories of functional programming languages, like typed lambda calculi, can be studied by their associated categorical models. From this perspective, our investigations fall in the context of Lawvere and Schanuel's Objective Number Theory, which is the study of addition, multiplication, and exponentiation of objects in suitable categories [28] . Indeed, we will be considering the equational theory of arithmetic expressions in the objective number theory of free bicartesian closed categories and relating it to that of the category of finite sets (in which numerical equalities acquire a combinatorial meaning given by isomorphisms that provide what are known in combinatorics as bijective proofs).
Type isomorphism and Tarski's high school algebra problem. There is a connection between the characterisation of type isomorphisms in typed lambda calculi and some logical results related to Tarski's high school algebra problem [15] : for types built out of type constructors chosen amongst the unit, product, and arrow, two types are isomorphic if and only if their associated arithmetic expres-sions (obtained by interpreting the unit by the number one, product by multiplication, and arrow by exponentiation) are equal in the standard model of natural numbers. In these cases, type isomorphism (and numerical equality) is finitely axiomatisable and decidable; hence so is the equational theory of isomorphisms in cartesian closed categories. In the same vein, Soloviev [30] , gave a complete axiomatisation of isomorphisms in symmetric monoidal closed categories, and Dosen and Petric [16] provided the arithmetic structure that exactly corresponds to these isomorphisms.
The question has been open as to whether such correspondence was limited to the case of the well-behaved unit, product, and arrow type constructors and, in particular, if it could be extended to more problematic types involving the empty type and the sum type constructor. From a practical perspective, one is interested in knowing whether type isomorphisms in the presence of sums are finitely axiomatisable, a definitive advantage when implementing decision procedures in library search tools like those described in [25, 13] . To investigate these problems we devised a method for establishing normal forms in typed lambda calculus with empty and sum types [17] and used it to study type isomorphism in this setting (in particular, this was crucial for establishing (b) below).
Summary of results and organisation of the paper.
(a) We show that the extension functors between the various type theories are full and faithful. Consequently, the theory of type isomorphisms of the various extensions are conservative.
(b) We establish that the equational theory of type isomorphisms in the presence of the product, arrow, and sum type constructors is not finitely axiomatisable.
(c) We observe that in the presence of arrow, empty and sum types, type isomorphism and arithmetic equality no longer coincide. However, the coincidence still holds for certain classes of arithmetic equations.
Section 2 recalls the basic definitions. Sections 3 and 4, respectively establish the relative full completeness result (a), and the non finite axiomatisability and separation results (b) and (c). Section 5 concludes with remarks and directions for further work.
Typed lambda calculus with empty and sum types
Syntax. We recall the definition of the typed lambda calculus with sums (including the empty one), as it can be found, for example, in [21] . Figure 1 . The associated equational theory is given in Figure 2 .
Semantics.
A bicartesian category is a category with finite products (½, ¢) and finite coproducts (¼, ·). Bicartesian categories for which the canonical maṕ
is an isomorphism for all objects are called distributive categories [8, 7] . A cartesian closed category (CCC) is a category with finite products and exponentials (µ). Bicartesian closed categories are referred to as BiCCCs; they are, of course, distributive.
With respect to an interpretation Á of base types in a BiCCC Ë, we write Á for the interpretation of a type induced by the bicartesian closed structure. That is,
Relating the type theories
In this section we relate the various type theories that interest us in the paper. We do this by relating their associated categorical free constructions using a generalisation of a glueing method due to Lafont [20, Annexe C], see also [9, 31] . We write , ¼ , · , ¼ · respectively for the free CCC, free CCC with initial object, free CCC with binary coproducts, and free BiCCC over a small category .
Theorem 3.1 (Relative full completeness)
The canonical structure preserving functors
extending the universal inclusions ,
, and
are full and faithful.
The same proof method works for all functors and other variations; indicating that there is an underlying general theory underpinning the theorem. For instance, we also have the following result.
Theorem 3.2 (Relative full completeness) The canonical structure preserving functor from the free distributive category over a small category into the free BiCCC over the same small category is full and faithful.
A consequence of these theorems is the conservativity of the various type theories. Thus, not only isomorphisms of types that hold in a type theory still hold in its extensions but also non-isomorphic types in the original type theory remain non-isomorphic in the extended one.
Below, we will just spell out the proof of relative full completeness for the functor · ¼ ·
. First some general theory on orthogonality and glueing needs to be developed.
Orthogonality and glueing
A parametric family of coproducts Ã in a small cartesian category is a small family Ã of coproduct cones satisfying the following closure property: for all cones ¾Á ¡ ¾Á in Ã and for all objects ¾ , the cone Let Ã be a parametric family of coproducts in a small cartesian category . Every functor × Ë that preserves the coproducts in Ã induces the following situation
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is an embedding.
First notice that, for Ã · the parametric family of all finite coproduct diagrams in · , we have the following situation
for some BiCCC functor Ù given by the universal property of ¼ · , using that the glueing category is a BiCCC (see Proposition 3.4 (1)). From this we have the following two consequences.
µ The composite Ù is a BiCCC functor (see Proposition 3.4 (1)) and hence, by the universal property of
, it is naturally isomorphic to the identity functor.
µ The composites Ù ´µ · and Ý´µ · are naturally isomorphic and since both Ù and Ý preserve finite products, exponentials, and binary sums (see Proposition 3.4 (2)), by the universal property of · , the composites Ù and Ý are also naturally isomorphic.
It follows from´ µ that Ù is faithful and from´ µ that Ù is full and faithful; hence, the functor · ¼ · is full and faithful.
Tarski's high school algebra problem and type isomorphisms
Tarski's high school algebra problem. Tarski [15] asked if the equational theory of the usual arithmetic identitieś
that are taught in high school are complete for the standard model of positive natural numbers; i.e., if they are enough to prove all the arithmetic equations. He conjectured that they were, but was not able to prove the result. Martin [22] showed that the identity´ µ is complete for the standard model AE of positive natural numbers with exponentiation, and that the identities´ ¾ µ,´ ¿ µ,´ µ, and´ µ are complete for the standard model AE ¡ of positive natural numbers with multiplication and exponentiation. Further, he exhibited the identitý
that in the language without the constant ½ is not provable in .
Wilkie [32] was the first to establish Tarski's conjecture in the negative. Indeed, by a proof-theoretic analysis, he showed that the identitý
is not provable in . Gurevič later gave an argument by an ad hoc countermodel [18] and, more importantly, showed that there is no finite axiomatisation for the valid equations in the standard model AE ½ ¡ · of positive natural numbers with one, multiplication, exponentiation, and addition [19] . He did this by producing an infinite family of equations such that for every sound finite set of axioms one of the equations can be shown not to follow. Gurevič's identities are the followinǵ Ü Ü (Ü a variable) amount to type isomorphism in the equational theory of the typed lambda calculus with empty and sum types.) The last implication in (4) is easily established by observing that finite sets are isomorphic iff they have the same cardinality, and that the type constructors on finite sets coincide with cardinal arithmetic. The implications as in (4) for the cartesian closed case have been shown to be equivalences [29, 4] . The rest of the paper is devoted to study the extent to which these implications can be reversed in type theories with empty and sum types.
Product and sum types
We consider the case of distributive categories; the categorical counterpart of the type theory with unit and empty types, and product and sum type constructors.
For the equational theory consisting of the identitieś The chain of implications´½µ µ´¾µ µ´¿µ µ´ µ are straightforward, whilst the implication´ µ µ´½µ amounts to the completeness of for the standard model of natural numbers. This result is folklore (see, for instance, [6] ) and we include it below.
Lemma 4.2 The equational theory is complete for the standard model AE ¼ ½ ¼ ¡ · of natural numbers.
PROOF: Any expression in the language of variables, ½, ¼, ¡, and · can be rewritten, using the equations in , into a canonical polynomial form, which can in fact be made unique. Now, AE ¼ ½ ¾ iff, for the corresponding canonical polynomial forms Ô ½ and Ô ¾ of ½ and ¾ respectively, AE ¼ Ô ½ Ô ¾ , and this is equivalent to Ô ½ and Ô ¾ being the same polynomial (i.e., syntactically equal) as the polynomial Ô ½ Ô ¾ with coefficients in the field of rational numbers has an infinite number of zeroes and hence it is null. Thus, the lemma follows: if ½ ¾ holds in the standard model then, using , ½ can be transformed into its canonical polynomial form which can in turn be transformed into ¾ .
£
Notice that the argument in the above proof shows that is decidable. As a further corollary, we have the following multiplicative cancellation property.
Corollary 4.3 For every non-empty type (viz.,
for every pair of types ½ and ¾ in Ì .
It
from which the cancellation of does not generally yield an isomorphism (for instance,
Product, arrow, and sum types
Aiming at understanding type isomorphism in the presence of product, arrow, and sum types, it is natural to ask whether Gurevič's equations are also type isomorphisms.
We first consider two ways of establishing the identities (3) for the natural numbers respectively due to Wilkie and Gurevič. Since the above methods respectively use negative numbers (which do not have a type-theoretic counterpart) and multiplicative cancellation (which is not known to be type theoretically sound), we speculated that Gurevič's identities did not hold as isomorphisms. Hence, we set out to prove that no term between the types corresponding to Gurevič's equations is an isomorphism by a careful study of normal forms in the typed lambda calculus with empty and sum types [17] .
Generalised Wilkie-Gurevič identities.
To simplify the study of the normal forms between the types induced by the expressions in (3), we introduced the following generalised Wilkie-Gurevič identities with no constantś
where
Notice that replacing Ý by ½, Ù by Ü, and Ú by ¾ Ü in´ µ one obtains the equations (3). Hence the non finite axiomatisability result does not depend on the presence of constants in the language. 
given by the definition in Figure 3 are mutually inverse.
PROOF: See Appendix A. 
Empty and sum types
In the presence of arrow and both empty and sum types we observe that not all equations that hold as isos in the category of finite sets hold in the type theory. Indeed, writing for ¼, we have that 
Thus, in general, 
Concluding remarks
The results of this paper are the first significant advance in the study of type isomorphisms in the presence of empty and sum types. Many questions still remain open, as for instance whether there are arithmetic equations in the language of ½, ¡, , ¼ or of ½, ¡, , · that do not correspond to type isomorphisms. We conjecture that Gurevič's result [19] for establishing the non-finite axiomatisability of the equational theory of the model of positive natural numbers AE ½ ¡ · can be generalised to the case of the model of natural numbers AE ¼ ½ ¼ ¡ · , and hence, by the results of this paper, that the equational theory of type isomorphism in bicartesian closed categories is not finitely axiomatisable. Decidability questions of the equational theory of type isomorphisms in the extensions of the typed lambda calculus with empty and/or sum types should be addressed. Finally, the observations in Subsection 4.3 suggest that the appropriate framework for characterising the type isomorphisms that hold in the category of finite sets for types with arrow, empty and sum constructors may be calculi for classical or intermediate logics.
